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For families of piecewise expanding maps which converge to a map with a fixed or
periodic turning point touching a branch with slope of modulus equal to or less than 2,
the standard Lasota–Yorke argument fails to prove stability. It is the goal of this paper to
use instead the harmonic average of slopes condition for a large class of maps satisfying
the summable oscillation condition for the reciprocal of the derivative. Using Rychlik’s
Theorem for a family of perturbations we prove weak compactness in L1 of the density
functions associated with them. From this it follows that we have stability of absolutely
continuous invariant measures of the limit map.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The main motivation for this investigation is to prove stability of the absolutely continuous invariant measure (acim)
for some maps with fixed or periodic turning points. The difficulty caused by periodic turning points was first noticed by
Keller [1] who introduced the so calledW -maps to display a wide range of limiting behaviour.Wewill study classes of maps
more general than theW -maps.
For almost forty years the Lasota–Yorke inequality [2,3] has played a crucial role in establishing existence of absolutely
continuous invariant measures and in studying properties of these measures. More precisely, in the setting where we have
a single piecewise expanding map τ : I → I , the Lasota–Yorke method requires that we use an iterate τ n for which we
have inf
(τ n)′ > 2. Then, the partition P (n) of τ n is used in an argument where the magnitude of the minimum length
of P (n) appears in the denominator of a term. This works if we are dealing with a single map or with a family of maps
for which the nth iterate of all members of the family has slopes uniformly bounded away from 2 in modulus. Stability of
acim in this situation was considered in [1,4]. However, in some important situations this does not happen. Consider, for
example, Keller’sW maps [1], where the limit map has |slope| = 2 at a turning fixed point 1/2. In this situation the standard
Lasota–Yorke inequality cannot be applied to a family of approximating maps since taking an iterate of these maps creates
partition elements which go to 0 length. The papers [5,6] show instability of acim for this map. In the paper [7] stability
of a more general W shaped map has been considered. The results of this paper inspired the introduction of the harmonic
average of slopes condition.
Recently, the Lasota–Yorke inequality has been strengthened [8] by using the harmonic average of the slopes on each
side of the partition points rather than the doubled reciprocal of the minimal slope. This allows us to show stability of the
acim of the limit map for a larger class of maps. The smoothness assumption in [8] is piecewise C1+1.
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In this note, we generalize the use of the harmonic average of slopes condition to maps with much weaker smoothness
properties, namely we assume only the summable oscillation condition for the reciprocal of the derivative. Unlike [8], we
do not use the bounded variation technique. Our main tool is Rychlik’s Theorem (see, e.g., [3]). We show that the invariant
densities of families of perturbed maps form a uniformly bounded set in L∞ which implies that it is weakly compact in L1.
From this compactness property it follows that we have stability of the acim associated with the limit map.
In Section 2, wewill define the class of maps wewill consider and introduce the harmonic average slope condition. Then,
we will recall Rychlik’s Theorem [3, Theorem 6.2.1]. In Section 3, we rewrite Rychlik’s proof and show that the harmonic
average condition is enough for the result to hold. In Section 4, we prove the main result of this paper, which establishes
weak compactness in L1 of the densities associatedwith the perturbing family ofmaps. This in turn proves stability of acim of
the limit map. This result stays true in many situations not covered by previous works. Examples are presented in Section 5.
2. Notation and preliminary results
Let I = [0, 1] and letm be Lebesgue measure on I . We present the usual definition of a piecewise expanding map.
Definition 1. Suppose there exists a partition P = {Ii := [ai−1, ai], i = 1, . . . , q} of I such that τ : I → I satisfies the
following conditions:
(1) τ is monotonic on each interval Ii;
(2) τi := τ |Ii is C1 and limx→a+i−1 τ ′(x), limx→a−i τ ′(x) exist; LetM = maxx∈I |τ ′(x)|;
(3) |τ ′i (x)| ≥ si > 1 for any i and for all x ∈ (ai−1, ai).
Then, we say τ ∈ T (I), the class of piecewise expanding transformations.
Let
s := min
1≤i≤q si. (1)
Suppose τ ∈ T (I) satisfies the following condition.
sH = max
i=1,...,q−1

1
si
+ 1
si+1

< 1. (2)
The number H(a, b) = 21
a+ 1b
is called the harmonic average of a and b. Condition H(a, b) > 2 is equivalent to condition
1
a + 1b < 1. If τ satisfies sH < 1 we say that τ satisfies the harmonic average condition. Let
δ := min
2≤i≤q−1m(Ii). (3)
Note that to calculate δ we do not use the first and last subintervals of the partition.
Let
gn = 1|(τ n)′| ,
wherever (τ n)′ is defined. Let P (n) =n−1i=0 τ−i(P ). Note that P = P (1). For any measurable subset A of [a, b], let
P (A) = {J ∈ P : λ(J ∩ A) > 0}.
Let γn =J∈P (n) supJ gn.
For J ∈ P (n), we define oscJ 1|τ ′| = maxJ 1|τ ′| −minJ 1|τ ′| and
dn = max
J∈P (n)
oscJ
1
|τ ′| .
Definition 2. We say that a map τ ∈ T (I) satisfies the summable oscillation condition, or τ ∈ TΣ (I), if
n≥1
dn ≤ D < +∞.
Note that usually the summable oscillation condition means a similar condition for |τ ′| and not 1|τ ′| as here.
This condition is satisfied for example for the following maps:
(i) piecewise in C1+ε , i.e., with bounded derivative satisfying a Hölder condition;
(ii) piecewise satisfying Collet’s condition [9], i.e, the modulus of continuity of τ ′ satisfies
ω(t) ≤ K
(1+ log |t|)1+γ ,
as t → 0, for some K , γ > 0 (γ = 0 is not enough);
(iii) satisfying Schmitt’s condition [10,11], i.e, summable oscillation condition for |τ ′|.
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3. Main result
We now recall Rychlik’s Theorem. The proof can be found in [12] or [3, Theorem 6.2.1].
Theorem 1. Let τ be a piecewise monotonic transformation of an interval [a, b] satisfying the following three conditions.
(1) There exists d > 0 such that for any n ≥ 1 and any J ∈ P (n),
sup
J
gn ≤ d · inf
J
gn.
(2) There exist ε > 0 and r ∈ (0, 1) such that for any n ≥ 1 and any J ∈ P (n),
m(τ n(J)) < ε⇒

J ′∈P (τn(J))
sup
J ′
g ≤ r.
(3) γ1 =J∈P supJ g < +∞.
Then τ admits an absolutely continuous invariant measure. Moreover, if f is a τ -invariant density then
∥f ∥∞ ≤ γ1 d
ε(1− r) . (4)
Theorem 2. If τ ∈ TΣ and satisfies the harmonic average of slopes condition sH < 1, then it satisfies the assumptions of Rychlik’s
Theorem.
Proof. Condition (1): note that sup g ≤ 1s . Let J ∈ P (n), x, y ∈ J . We have
gn(x)
gn(y)
= g(τ
n−1(x))g(τ n−2(x)) · · · g(τ (x))g(x)
g(τ n−1(y))g(τ n−2(y)) · · · g(τ (y))g(y) .
For any k = 0, . . . , n− 1, τ k(x) and τ k(y) belong to the same element Jk of P (n−k). Using the inequality
a
b
= 1+ a− b
b
≤ exp
a− bb
 ,
we get
g(τ k(x))
g(τ k(y))
=
1
g(τ k(y))
1
g(τ k(x))
≤ exp

1
g(τ k(x))
 1g(τ k(x)) − 1g(τ k(y))

≤ exp (M · dn−k) ,
and thus,
gn(x)
gn(y)
≤ exp

M ·
n−1
k=0
dn−k

≤ exp (M · D) .
We have established condition (1) with
d = exp (M · D) .
We now invoke the harmonic average of slopes condition to prove condition (2): let ε = 12δ and r = sH < 1. (It is important
to note that we did not use the lengths of the first and last intervals of the partition to define δ.) It is enough to notice
that, for any J ′ ∈ P (n), τ n(J ′) is an interval and if λ(τ nJ ′) < ε, then τ nJ ′ can intersect at most two intervals of P . Thus,
J∈P (τnJ ′) sup g ≤ sH = r < 1.
Condition (3) is satisfied by definition. This completes the proof. 
4. Stability of ACIM for families of maps
Themain motivation for this investigation is to prove stability of the acim for maps with turning fixed or periodic points.
The general setting is as follows. Let τ0 be a map with an invariant density f0 and {τγ }γ>0 a family of maps with invariant
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densities fγ such that τγ converge to τ0 in some sense as γ converges to 0. Question: under what conditions does fγ → f0
in some sense? Such problems were investigated in many articles but usually using the bounded variation technique [1,4].
Theorem 3. Let the family {τγ }γ>0 ⊂ TΣ satisfies the assumptions of Rychlik’s Theorem in a uniform way, i.e, with the same
constants and τγ → τ0 almost uniformly as γ → 0. If τ0 has exactly one acim, then fγ → f0 in L1 as γ → 0. In the general case
every limit point of the family {fγ }, as γ → 0, is an invariant density of τ0.
Proof. The proof follows from Theorem 11.2.3 of [3] which we recall below with appropriate changes. 
Theorem 4. Let τγ ∈ T , γ ≥ 0. Let the invariant densities of {fγ }γ≥0 be uniformly bounded in L∞. If τγ → τ0 almost uniformly
as γ → 0, then any limit point of {fγ }γ>0, as γ → 0, is a τ0-invariant density. If {τ0, f ·m} is ergodic, then fγ → f0 in L1.
We now describe two families of maps for which Theorem 3 applies.
Example 1. Let τ0 ∈ TΣ satisfy the harmonic average condition sH < 1. Let τγ be defined on the same partition P = {I1,
I2, . . . , Iq} and τγ → τ0, as γ → 0, in C1(int(Ii)) for all i = 1, 2, . . . , q. We also assume that the summable oscillation
condition is satisfied uniformly for {τγ }γ≥0. Then, the family {τγ }γ≥0 satisfies the assumptions of Theorem 3.
Example 2. Let τ0 ∈ TΣ satisfy the harmonic average condition sH < 1. Let each τγ be piecewise expanding on the partition
Pγ = {I(γ )0 , I(γ )2 , . . . , I(γ )q+1}, I(γ )i = [a(γ )i−1, a(γ )i ], i = 0, 1, 2, . . . , q+1.We allow the possibility that I(γ )0 or I(γ )q+1 or both of them
are empty.We assume a(γ )i → a(0)i as γ → 0, i = 0, 1, 2, . . . , q. Then, automatically a(γ )−1 → a(0)0 and a(γ )q+1 → a(0)q as γ → 0.
We also assume that the summable oscillation condition and the harmonic average condition are satisfied uniformly for
{τγ }γ≥0. If τγ → τ0 almost uniformly as γ → 0, then the family {τγ }a≥0 satisfies the assumptions of Theorem 3.
Stability of acim was obtained in [13] under additional much stronger conditions on the family of transformations. The
two main stronger conditions assumed in [13] are the following.
(i) There exists a constant δ > 0 such that for any τγ in the family of maps there exists a finite partitionKγ such that for
any J ∈ Kγ , τγ |J is one-to-one, τγ (J) is an interval, and
min
J∈Kγ
diam(J) > δ.
(ii) For anym ≥ 1, there exists δm > 0 such that if
K(m)γ =
m−1
j=0
τ−jγ (Kγ )
then
min
J∈K (m)γ
diam(Jm) ≥ δm > 0.
From these conditions it follows that the family of densities is weakly compact in L1.
5. Examples
The results of this paper allow us to answer a question posed in [5].
Example 3. Let τγ , 0 ≤ γ < ε0 < 1/2, be a map defined by
τγ (t) =

1
2
− γ + (1+ 2γ )t, 0 ≤ t < 1
2
;
2− 2t, 1
2
≤ t ≤ 1.
(5)
τ0 is exact with invariant density f0 = 23χ[0,1/2] + 43χ[1/2,1]. Is this acim stable under perturbation given by the family{τγ }γ>0? τ0 has a turning point 1/2 which is periodic with period 3. Previously known methods did not give an answer to
this question.
We will consider the family of third iterates {τ 3γ }γ>0. τ 30 is shown in Fig. 1(a) and a typical τ 3γ is shown in Fig. 1(b). The
slopes of τ 3γ are s1 = s3 = s7 = 2+ 8γ + 8γ 2, s2 = s4 = s6 = 4+ 8γ , and s5 = 8. Since τ0 is exact, τ 30 is also exact with the
same acim and stability of acim for τ 30 implies the same for τ0. We can see that the family {τ 3γ }γ>0 satisfies the conditions of
Example 2. Thus, τ0 has a stable acim.
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Fig. 1. The 3rd iterates of maps of Example 3.
Example 4. Let us consider the followingW -shaped map:
τ0(t) =

1− 6t, 0 ≤ t < 1
6
;
−2
9
+ 5
3
t −
√
6
81
(3− 9t)3/2, 1
6
≤ t ≤ 1
3
;
−3t + 4
3
,
1
3
≤ t < 4
9
;
9
5
t − 4
5
,
4
9
≤ t ≤ 1.
(6)
The derivative of the second branch is
τ ′0,2(t) =
5
3
+
√
6
2

1
3
− t
1/2
.
The minimal moduli of the slopes are s1 = 6, s2 = 53 , s3 = 3 and s2 = 95 and we have
sH = max

1
6
+ 3
5
,
3
5
+ 1
3
,
1
3
+ 5
9

= max

23
30
,
14
15
,
24
27

= 24
27
< 1.
The map τ is not C1+1 because the derivative of τ2 is not Lipschitz. Thus, no previous result can prove the stability of acim
for map τ . On the right hand side of Fig. 2 we present an untypical perturbation of τ . We define it as follows
τγ (t) =

1− 6
1+ 6γ t, 0 ≤ t <
1
6
+ γ ;
−2
9
+ 5
3
t −
√
6
81
(3− 9t)3/2 + A(γ )t + B(γ ), 1
6
+ γ ≤ t ≤ 1
3
;
−3+ 18γ
1− 9γ (t − 4/9+ γ ),
1
3
≤ t < 4
9
− γ ;
1
2γ
(t − 4/9+ γ ), 4
9
− γ ≤ t < 4
9
+ γ ,
9
5− 9γ (t − 4/9− γ ),
4
9
+ γ ≤ t ≤ 1,
(7)
where A(γ ), B(γ ) are constants such that τγ ,2(1/3) = 1/3 + 2γ and limγ→0 A(γ ) = limγ→0 B(γ ) = 0. It is easy to check
that for γ small enough the family {τγ } satisfies uniformly the assumptions of Rychlik’s Theorem and that τγ converges
almost uniformly to τ0. Thus, the acims of the τγ s converge to the acim of τ0.
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Fig. 2. Example ofW -map not in class C1+1 and its untypical perturbation.
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